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Abstract. The height of a polynomial with integer coefficients is the largest coefficient 
in absolute value. Many papers have been written on the subject of bounding heights of 
cyclotomic polynomials. One result, due to H. Maier, gives a best possible upper bound of 
^(n) f or almost all n, where ip( n ) 1S anv function that approaches infinity as n —¥ oo. We 
will discuss the related problem of bounding the maximal height over all polynomial divisors 
of x n — 1 and give an analogue of Maier's result in this scenario. 
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1. Introduction and statement of the principal result 

Let & n {x) denote the n th cyclotomic polynomial. The n th cyclotomic polynomial is the 
unique monic irreducible polynomial over Q with the primitive n th roots of unity as its roots. 
It has integer coefficients. The degree of <& n (x) is (p(n), where (p is the Euler totient function. 

We define the height of a polynomial with integer coefficients to be the largest coefficient 
in absolute value. We will denote the height of a polynomial / by H(f). 

Much has been studied about if ($ n ), which shall henceforth be denoted A(n). In 1946, 
P. Erdos stated that logA(n) < n (i+°(i))iog2/io g io g n Re held back itg prQof beC ause of how 

complicated it was. R. C. Vaughan showed in 1975 that this inequality can be reversed for 
infinitely many n. 

In 1949, P.T. Bateman gave a simple argument that if k is a given positive integer then 
A(n) < n 2 if n has exactly k distinct prime factors. Let u(n) denote the number of distinct 
prime factors of n. By taking the log of both sides of Bateman's inequality and using the 
fact that the maximal order of u{n) is ^ f Q g - [4, p. 355], one can show that Bateman's 
result implies Erdos' result. Bateman's upper bound was improved upon by Bateman, C. 
Pomerance and Vaughan [1] in 1981, who showed that A(n) < n 2 / fe_1 . They also showed 
that A(n) > n 2 1/,fc_1 /(5 logn) 2 holds for infinitely many n with exactly k distinct odd 
prime factors. 



Related to these problems are questions concerning the maximal height over all divisors of 
x n — 1. It is well-known that x n — 1 = Y\ ®d(%)- Thus, x n — 1 has r(n) distinct irreducible 

d\n 
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divisors, where r(n) is the number of divisors of n. Therefore, x n — 1 has 2 r( - n ^ divisors in 
Z[x). 

Let B(n) = ma.x{H(f) : f(x) \ x n — l,f(x) G Z[a;]}. In particular, A(n) < I?(n) since 
& n (x) divides x n — 1 and is the maximum height over all divisors of x n — 1. In general, 
much less is known about B(n) than A(n). In 2005, Pomerance and N. Ryan [8] proved 
that as n — > oo, log B(n) < ■n,( lo g 3 + ( 1 ))/ lo s lo g ?1 _ They also showed that this inequality can be 
reversed for infinitely many n. 

In [6], H. Maier found an upper bound for A(n) that holds for most n. 

Theorem 1.1 (Maier). Let ip(n) be a function defined for all positive integers such that 
— > oo as n — >■ oo. Then A{n) < for almost all n, i.e., for all n except for a set 

with asymptotic density 0. 

Maier's upper bound has been shown to be best possible 0. In this paper, we consider 
an upper bound for B(n) that holds for most n. 

Theorem 1.2. Let ip(n) be a function defined for all positive integers such that ip(n) — > oo 
as n —7- oo. Then B{n) < n r<n ^ (n ) for almost all n, i.e., for all n except for a set with 
asymptotic density 0. 

It is not yet known whether this upper bound for B(n) is best possible. 

2. Proof strategy for Theorem 1.2 

Since x n — 1 = Yld\n ®d(%), then B{n) = H {J\ deV $d(x)), where V is a subset of divisors 
of n for which n^ex? ^d{x) has maximal height over all products of distinct cyclotomic 
polynomials dividing x n — 1. 

In [8j, Pomerance and Ryan show that if fx, fh G Z[x] with deg fx < ■ ■ ■ < deg fk then 
H{h...fk) < nti (i+deg/i) nti H(fi). Thus, when n > 1, 

(2.1) B( n ) = h (n < n^ 1 + n a & ^ n * v n a ^ ^ nT[n) n 

\deV / deV deT> deV d\n 

Let A (n) := maxA(d). Then from (2.1), B(n) < n T ^A (n) T ^ n \ since A(d) < A (n) for 

d\n 

each d \ n. So, if we show that A (n) < for almost all n, we will have 

(2.2) B(n) < n T{n) A (n) T{n) < n r{n) ■ n T{n) ^ n) = n T{n){l+1p{n)) 

for almost all n. Since ip(n) is any function that goes to infinity as n approaches infinity, we 
will have proved the theorem. 

Thus, we have reduced the proof of Theorem 1.2 to the following proposition, which shall 
be proven in section 4. 
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Proposition 2.1. We have A (n) < n^ n > for almost alln. 

3. Key Lemmas 

Let oj(n) be defined as in section 1. Write the prime factorization of n as p^ 1 ■ ■ -p^^, 
where p\ > p 2 > ■ ■ ■ > Pw(n), e k > 1 for 1 < k < u{n). Thus, we have functions pk = Pk{n) 
defined when k < u(n). If k > u>(n), we let Pk{n) = 1. 

To prove our proposition, we will show that for most integers, the size of the prime factors 
Pk decreases rapidly on a logarithmic scale as k increases. 

Lemma 3.1. Let 2 < 7 < e. The set {n : u{n) > - } has density 0. 

Proof. Since 2 < 7 < e then log 7 G (0, 1), so 1 < j^— . Now, the normal order of u{n) is 
loglogn [3 p. Ill], so for each e > 0, u(n) < (1 + e) loglogra must hold, except for a set of 
n with asymptotic density 0. In particular, since e = — 1 > 0, then u(n) < log log n 
for almost all n. □ 

Let fi(n) be the Mobius function. From [6l Lemma 5], we know that if 2 < 7 < e then 
there is a constant 0(7) > such that for each natural number k <log log x/log 7, 

#{n < x : fi(n) ^ 0, logp k > 7~ fe logx} < xe~ c(7)fc . 

The following lemma says that we can remove the restriction that fi(n) 7^ 0, i.e., we do 
not need to assume that n is square- free. 

Lemma 3.2. Let 2 < 7 < e. Let x > 1. There are positive constants 00(7), C2 such that for 
each natural number k < log log xj log 7, 



#{n < x : \ogpk > 7 h \ogx} < C 2 xe 



Proof We adopt the same strategy as in [6J. The following is a classical result, due to 
Halberstam and Richert [3], Thm 01]: Let / be a non- negative multiplicative function such 
that for some numbers A and B and for all numbers y > 0, we have 

(3-1) Y,miogp<Ay, ]T]T^log^< 5, 

p<y p u>2 

where p runs over primes and v runs over integers. Then, for all numbers x > 1, 

(3.2) £ /(„) <(A + B + 1)^-J2—- 

L — ' logo; L — ' n 

n<x n<x 
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We apply this theorem with f(n) = & w u*> a: l> n ) ) where w([t,x),n) is the number of distinct 
prime factors of n in the interval [t,x], with t = x-y , b > 1 (b will be specified later). In 
order to apply the theorem, we need to check that both conditions in ( 13. ip are satisfied. 

As usual, let 9{y) = J2 p < y lo SP- Since 6(y) < 2ylog2 < 2y p.108] then 

^2f(p) logp < 2by 

p<y 

for all y. Thus, the first condition is satisfied, with A = lb. 

Next, we show that the second condition is satisfied for a suitable number B, namely 
that the double sum converges. Consider the sum Yl/pYlv ^^-b UJ ^ t ' v ^ ,pU \ where p runs over 
primes, v > 2. Since u counts only distinct prime factors, we have w([t,y],p v ) < 1. So, 

It is easy to see that 

holds, and that the sum in ( 13. 3ft is less than 4. Thus, the second condition is satisfied, with 
B = 46. 

Therefore, by (13.21) . we have 

(3.4) y &-(M,n) < (2i + 4H1) ^y/M< lb * y 



log x ^— ' n log x ' n 

n<x n<x n<x 

Now ' Y, n <x —fr — llp<x fl + + H j > since / is a non-negative multiplicative 

function (certainly all prime factors of each n < x are in this product). Taking the log of 
both sides, we have 

\n<a; / P<x N 



iogn(i+/( P )(i+i+-- 

p<x \ r / p < x \ I / 



Thus, 



^ n )~ z -^p — 1 / — 'p — 1 ^— 'p— 1 

\n<x / P<a; p<t t<p<x 
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since f(p) = 1 when p < t and f(p) = b when t < p < x. By Mertens' first theorem [7J p. 92], 



1 b 

-+ = log log x + (6 - 1) (log log a; - log log t) + 0(b). 

*— ' p — 1 *— ' p — 1 

Let a be the constant associated with 0(b). After undoing the logarithms, we are left with 

(3.5) E /W< Cll (l^f)" 1 , 

z — ' n \ logr / 

n<x x ' 

where Ci = e Qfe . Inserting ( I3.5P into ( 13. 4ft . we have 

(3.6) ^ i[t ' x] ' n) < 7bC lX 1 . 



n<x 

Let C 2 = 7bCx. Let 



iV = < x : d, n) > — — g ^ — (loglogx — log log t)}. 

logo 



Using ( 13. 6p . we have 



iV6 (1+ ^ g (fc fc " 1) (i°gi°g^-i°gi°go < y^ 6W (M,n) < C2X /^log^\ 



6-1 



But 

ft^^^^l^ (log logs-log log*) _ e (l+s)(6-l)(logIogs-loglogf) _ ^ lQg^ X 



log* 

So 

C 2 x( l -^) b - 1 /log^ ~ £(6_1) 

- (|i||)(l+e)(6-l) V^g^ 

In other words, 

(3.7) w([t,x],n) < (l + g)(^-l) (loglogx _ loglogt) 

log b 

for all n < x except for a set of cardinality at most C2x(^^)~ e ^ > ~ 1 \ 

Now, fix e > 0, 6 > 1 such that log 7 < 1- Let < log log xj log 7. Recall that 

t = x 1 . Then, if logp^ > 7~ fc log 2, we have 

(3.8) u([t, x] , n) > k > + ^ ^ ~ ^ Jfe log 7. 

Since fclog7 = log log 2 — log log £, we have u;([t, x],n) > -^-^^—^ (log log x — log log t). But 
this contradicts (13.71) except for a set of cardinality at most C 2 a;(^|)~ £ ^ _1 ^. Thus, the set 
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of n < x with \ogpk > l~ k logx has a cardinality of at most C2x(^j)~ E ( b ~ 1 \ Since t = x 1 , 
we have 

#{n < x : log p k > 7 - fc loga;} < C 2 xe- k£{b - 1)l ° sM . 
Taking c (7) = e{b — 1) log(7), we obtain the desired result. □ 

The following lemma says that, except for a sparse set of integers n, logpk is small when 
k is sufficiently large. 

Lemma 3.3. Let 2 < 7 < e. Let e > be arbitrary and let k = 1 °g( £ ( 1 ~ e ^^' 7) )/ c '2) ^ w fi ere 

00(7) and C2 are as in Lemma \3. <?t Then, for x sufficiently large, the set {n < x : logpk > 
7 _/c logx for some k > ko} has cardinality at most lex. 

Proof. Fix e > 0. Let S = {n < x : logpfc > 7~ fc logx for some k > k^] and let Sf. = {n < 
x : logpk > 7~ fc logx}. By Lemma [3.21 we have 

I log log x 1 

L log 7 J . , OO 

#5< y #S k + #{n:uj{n)> ° g QgX } < y C 2 xe~ c °^ k + ex 
z—e log 7 

k=\ko~\ k=\k a ] 

for sufficiently large x, since {n : oo(n) > lo f^ x } has density by Lemma |3~T1 But the sum 
on the right is a convergent geometric series, so 

^ c ^ C 2 xe- c °M fe ° 

# «S < -; rr + ex - 

" — 1 — e _c °W 

Thus, using the definition of k , 

< x : log > 7 _fc logx for some k > k } < 2ex. 

□ 



4. Proof of proposition 2.1 

Proof. Maier shows in [2] that if ijj(n) is any function defined on all positive integers n such 
that ip(n) — y 00 as n — y 00 then A{n) < for almost all n. Key to this proof is the fact 
that 

ui(n) 

(4.1) logA(n) <Cy2 k \og Pk 

k=l 

for all square-free integers n, where C > is a constant and p k = Pk{ n ) is as above. 

We define the radical of n, denoted rad(n), to be the largest square- free divisor of n. 
Since = $ ra d(n)(^ n ^ rad( ' n ^), the coefficients of & n (x) are the same as the coefficients of 
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^rad(n) ( x ) ■ Thus, A{n) = A(md(n)). As a result, we can use ( 14. ip for any positive integer 
n, since 

oj(n) 

log -A(n) = logA(rad(n)) < C^2 fc logp fc . 

it=i 



For each d dividing n, let d = V^dV^d ' ' •pj)'^ where p M > p 2 ,d > • • • > Pu>(d),d and 
efc,d > 1 for 1 < k < u(d). Also, let pu,d = 1 for k > cj(d). Since d \ n then the primes 
dividing d also divide n. Thus, < Pk for all k, so 

u)(n) 

fe=i fc=i fc=i 

u)(n) 

Thus, log A(d) < C 2 k log holds for all n and for all d \ n. Since log A (n) = log A(d) 

k=l 

for some d \ n we then have logv4o(^) < C 2 fc logp^. 

fc=i 

Let e > be arbitrary and let ko be as in Lemma 13.31 Combining the above inequality 
with Lemma [3.31 we have 



uj(n) u>(n) 

(4.2) logAo(n) <C^2 fc log Pfc = C ]T 2 fc log Pfe +C £ 2 fe logp fc 

fc=l fc<|fcoJ fc=|fcoJ+l 

(4.3) <C ^ 2 fc logp fe + C ( 2 /7) fe logx 

fc<|fcoJ fc=Lfc J+i 

for all n < x except for a set with cardinality < 2ex. Since 2 < 7 < e then (2/7) < 1. 
Hence, YX=[k \ ( 2 /l) k * s P ar ^ °f a convergent geometric series, so it is bounded above by 
some positive constant L that is independent of n. 

Now, if yfx <n<x then 21ogn > logx, so 



u)(n) uj(n) 

(2/7) fc logx < 21ogn ^ (2/ 7 ) fe = 2L logn. 
fc=|fc J+i fc=Lfc J+i 
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Then, if n is such that ( 14. 3 j) holds, 

logA (n)<C7 2 fe logp fc + 2Llogn 

fc<|fcoJ 

< 2 L *° J C7 ^ iogPfc +2Llogn 

fc< |fcoJ 

= 2 L/coJ Clog( JJ p fc ) + 2Llogn 
fc<Lfc J 

<log(n 2LfcoJc, ) + log(n 2i ). 
Thus, Ao(n) < n 2lk ° ic ■ n 2L . Then, we have 

log( g (l- e - c 0(T))/C 2 ) log( E (l- e - c 0(T>)/C 2 ) 

A I \ ^ 2 ~ c o(t) 2L ^ e - c o(t) 2L (e(l-e _c o(T) ) /Ci)~ c O^ 2L 

A Q {n) < n ■ n < n ■ n = n y y " 21 ■ n . 

As mentioned, this holds for all n with y/x < n < x and for which (14. 3D holds. Therefore, for 
any e > there is a constant C3 = ( £ ^~ e C2 ° ~' ^ )~ c °^ + 2L such that for all sufficiently large 
x, every n < x satisfies A (n) < n C:i , except for at most 2ex + y/x of them. Since e > is 
arbitrary, this proves Proposition 12. 1[ which concludes the proof of our main theorem. □ 
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